Abstract. k-plexes are cohesive subgraphs which were introduced to relax the structure of cliques. A co-k-plex is the complement of a k-plex and is therefore similar to a stable set. This paper derives the co-2-plex analogue for certain properties of the stable set polytope. We also describe a class of 0-1 matrices A for which the polytope {x ∈ R n + | Ax ≤ 2, x ≤ 1} is integral.
1. Introduction. Given a graph G = (V, E), a subset of pairwise nonadjacent vertices defines a stable set. The problem of finding a maximum cardinality stable set in G is a fundamental topic in combinatorial optimization. The Maximum Stable Set Problem (MSSP) has been the subject of extensive research, much of which has focused on analyzing the convex hull of stable set incidence vectors P (G) [5, 12, 16, 17, 20] . If a system of linear inequalities which defines P (G) is at hand, MSSP can be solved using linear programming methods. However, such defining systems can be difficult to obtain because MSSP is NP-hard in general [8] .
A subset of pairwise adjacent vertices in G defines a clique. The Maximum Clique Problem (MCP) is intimately related to MSSP. Finding a maximum clique in G is equivalent to finding a maximum stable set in the complement graphḠ = (V,Ē), where e ∈Ē ⇔ e / ∈ E. The search for cohesive subgraphs has applications in ad hoc wireless networks [6] , data mining [21] , social network analysis [22] , and biochemistry and genomics [3] . For a discussion of these applications, the reader is referred to Balasundaram et al. [1] . Using MCP to detect cohesive subgraphs can be overly restrictive. That is, MCP will find only extremely cohesive subgraphs. This approach can fail to detect much of the structure present in a graph. To address this issue, researchers have studied various clique and stable set relaxations [2, 11, 13, 19] . Seidman and Foster introduced kplexes as a degree-based clique relaxation [18] . A co-k-plex is the complement of a k-plex. These concepts are made precise in Section 2.
For small values of k, a co-k-plex S ⊆ V is similar to a stable set in that S induces a subgraph of low maximum degree. As k approaches |V |, co-k-plexes need not resemble stable sets. In fact, the complete graph K n is a co-n-plex. Therefore, when studying the relationship between co-k-plexes and stable sets, we focus on small values of k. This paper focuses on the co-2-plex polytope and a related class of matrices. We derive the co-2-plex analogue for certain properties of the stable set polytope.
Section 2 discusses some preliminary definitions. Section 3 derives four classes of facets for the co-2-plex polytope and a class of facets for the general co-k-plex polytope. The facets are related to 2-plexes, cycles, wheels, webs, and the claw. Loosely speaking, two of these inequalities (the cycle and claw inequalities) turn out to be particularly interesting in the sense that excluding their support graphs produce polyhedra with a nice linear description. This statement is made precise in Section 4. Section 4 characterizes the 2-claw-free graphs (2-claws are defined in Section 3) and the maximal 2-plex clutter matrices for which the polytope {x ∈ R n + | Ax ≤ 2, x ≤ 1} is integral. Note that Section 4 uses definitions and theorems found in Cornuéjols [7] .
2. Preliminaries. Let G = (V, E) be a finite, simple graph. For all v ∈ V, define deg G (v) as the number of vertices adjacent to v in G. Given a subset K ⊆ V, let G[K] denote the subgraph induced by K. Fix k ≥ 1, a subset K ⊆ V induces a k-plex if the following condition holds:
Notice that 1-plexes are cliques. k-plexes were introduced by Seidman and Foster [18] in the context of social network analysis. Balasundaram et al. [1] provided an integer programming formulation for the maximum k-plex problem and established the NP-hardness of the k-plex decision problem.
A co-k-plex is the complement of a k-plex. That is, each vertex in a co-k-plex S has at most (k − 1) neighbors in S. Notice that co-1-plexes are stable sets. The NP-hardness of the co-k-plex decision problem follows directly from the result for k-plexes.
Define α k (G) as the size of a largest co-k-plex in G and refer to α k (G) as the co-kplex number of G.
) for all nonempty subsets T ⊂ S. Let I := {I ⊆ V | I induces a co-k-plex}. Each co-k-plex I ∈ I has an associated incidence vector x I ∈ R |V | , where x I v = 1 if v ∈ I and x I v = 0 otherwise. Let P k (G) denote the convex hull of all x I such that I ∈ I. P k (G) is a full-dimensional polytope and therefore has a unique (up to positive scalar multiples) minimal defining system of inequalities. The maximal faces of P k (G) and their corresponding inequalities are both called facets. A positive scalar multiple of every facet must appear in any defining system for P k (G).
3. Facets of the co-2-plex polytope. Co-2-plexes and stable sets are both induced subgraphs of low maximum degree. Stable sets are induced subgraphs consisting of isolated vertices. Co-2-plexes are induced subgraphs consisting of isolated vertices and matched pairs. In this section, we shall see that the associated polytopes share similar properties.
We will first determine when a 2-plex inequality induces a facet for P 2 (G). The result is analogous to the maximal clique facets of the stable set polytope. The search for facets then continues with four familiar classes of graphs: cycles, wheels, webs, and the claw. It is well-known that the presence of these subgraphs can complicate the facial structure of the stable set polytope [14, 15, 17, 20] . It turns out that similar graphs affect the structure of the co-2-plex polytope as well.
Our first result gives a useful equivalent characterization of 2-plexes. Define the neighbor set of v as follows:
Lemma 3.1. G = (V, E) is a 2-plex if and only if α 2 (G) = min{2, |V |}. Proof. (⇒) Let G be a 2-plex. |V | = 1 clearly implies that α 2 (G) = 1. Otherwise, we have α 2 (G) ≥ 2 since any pair of vertices induce a co-2-plex. Suppose α 2 (G) > 2. Then there exists an S ⊆ V such that G[S] is a co-2-plex of cardinality 3, and we
is a vertex-induced subgraph of G which is not a 2-plex. However, Seidman and Foster [18] showed that if G is a 2-plex, then any vertex-induced subgraph of G is also a 2-plex. This contradiction implies the result.
(⇐) Let α 2 (G) = min{2, |V |}. If α 2 (G) = 1, then |V | = 1 and hence G is a 2-plex. Suppose α 2 (G) = 2. All graphs on 2 vertices are 2-plexes, so we may assume |V | ≥ 3. If G is not a 2-plex, then there exists v ∈ V such that deg G (v) ≤ |V | − 3. Let w, u ∈ V \ N (v). The set {v, u, w} induces a co-2-plex and α 2 (G) ≥ 3, a contradiction. Lemma 3.1 fails for k > 2. For example, let k = 3 and consider the chordless cycle on five vertices. Cycles are 2-regular, so C 5 is both a co-3-plex and a 3-plex. Thus
3.1. 2-plexes. This subsection offers the co-2-plex analogue of the maximal clique inequalities for the stable set polytope. Let G = (V, E) and |V | = n. Given a 2-plex K, define
to be the associated 2-plex inequality.
We first examine the case when K = {v}. By Lemma 3.1, the 2-plex inequality becomes x v ≤ 1. Consider the vectors
where {u 1 , ..., u n−1 } = V \ v. These n affinely independent vectors satisfy the 2-plex inequality at equality. Moreover, they are the incidence vectors of co-2-plexes in G.
Therefore, x v ≤ 1 is a facet for P 2 (G).
Notice that if |K| > 1, then the right hand side of the 2-plex inequality increases. Consequently, any 2-plex properly containing {v} will not induce x v ≤ 1. That is, x v ≤ 1 is a facet regardless of whether or not {v} is maximal.
Consider the case where K = {w, u}. The 2-plex inequality x w + x u ≤ 2 does not induce a facet. This is because x w + x u ≤ 2 is a linear combination of the inequalities x w ≤ 1 and x u ≤ 1. In contrast, when |K| > 2, we have the following result.
Theorem 3.2. If K is maximal and |K| > 2, then the 2-plex inequality induces a facet for P 2 (G).
Proof. Lemma 3.1 implies that α 2 (K) = 2, so the 2-plex inequality becomes v∈K x v ≤ 2. Let γ T x ≤ γ 0 be a valid inequality for P 2 (G) and define the following sets:
Suppose that F ⊆ F γ , and that F γ is a proper face (i.e. γ nonzero). We will show that F = F γ . This implies that F is maximal and that the 2-plex inequality is a facet for P 2 (G). Notice that we may assume γ has nonnegative components. For if γ v < 0, then F γ is contained in the face induced by x v ≥ 0, and γ T x ≤ γ 0 can be replaced by x v ≥ 0 without loss of generality.
Let u, w, z ∈ K and note that x {u,w} , x {u,z} , x {w,z} ∈ F. Since F ⊆ F γ , we have
u, w, and z were arbitrary, so there exists a scalar t > 0 such that γ w = t for all w ∈ K. It also follows that γ 0 = 2t. Suppose there exists s / ∈ K. By the maximality of K, there exists u, z ∈ K \ N (s). Moreover, x {u,z} , x {s,u,z} ∈ F ⊆ F γ . Hence
Thus γ s = 0 for all s / ∈ K. We have shown that γ T x ≤ γ 0 represents an inequality of the form t v∈K x v ≤ 2t. It follows that F = F γ .
An independent proof of Theorem 3.2 appears in Balasundaram et al. [1] .
3.2. Paths, cycles, and wheels. Let P n denote the path with n vertices and C n the chordless cycle on n vertices. The following lemmas will be useful as we determine which cycles and wheels induce facets for the co-2-plex polytope.
.., n} such that:
. S is a co-2-plex, and
. Any larger set S ⊆ V (P n ) must have a subset of the form {i, i + 1, i + 2} and is thus not a co-2-plex. The result follows.
. K j is a 2-plex for 1 ≤ j ≤ n. Therefore, Lemma 3.1 implies that v∈Kj x v ≤ 2 is a valid inequality for 1 ≤ j ≤ n. In addition, since n ≥ 4, each vertex belongs to exactly three of the K j sets. We now sum these n inequalities and derive a Chvátal-Gomory cut.
This valid inequality implies that (3) and i = n. S is a co-2-plex, and
and the result follows.
The following is a variation of a theorem and proof originally given by Chvátal [5] .
Theorem 3.5. Let G = (V, E) be a graph and
is a facet of P k (G).
Proof. Let G satisfy the hypothesis and let
where I is the index set of facets other than the nonnegativity constraints. Consider the dual linear programs given by
An optimal dual solution λ * satisfies i∈I λ *
. Let s ∈ V, and notice by dual feasibility, there exists j ∈ I such that λ * j , a js > 0. Choose (u, w) ∈ E * . There exist co-k-plex incidence vectors y and z such that
For if not, then without loss of generality, we have v∈V a jv z v < b j and hence
thus contradicting (3.1). Now (3.2) and (3.3) imply a ju = a jw . Recall that (u, w) ∈ E * was arbitrary and G * is connected, so we have
Therefore, (3.1) and (3.3) imply
That is, the facet indexed by j was a positive scalar multiple of v∈V x v ≤ α k (G).
Theorem 3.5 is a special case of a more general result of Laurent [10] . As a corollary we obtain the co-2-plex analogue of odd holes and wheels.
Corollary 3.6. Let n ≥ 4. The inequality
is a facet of P 2 (C n ) if and only if n ≡ 0 mod (3). Proof. For sufficiency, Lemmas 3.3 and 3.4 imply that every edge in C n is co-2-plex critical whenever n ≡ 0 mod (3). The result follows from Theorem 3.5.
For necessity, observe that every proper subset of a co-2-plex is also a co-2-plex. It follows that the set of co-2-plexes form an independence system over V with rank function α 2 . It is well-known [10] that V (C n ) must be nonseparable whenever
. Suppose n = 3m for some integer m. Notice that C n partitions into the paths P n−3 and P 3 , and
is not a facet for P 2 (C n ). We refer to any chordless cycle C n such that n ≡ 0 mod (3) as a mod 3-hole. Otherwise, C n is an odd-mod 3-hole. It seems possible that for larger values of k, a certain class of cycles might induce facets for P k (C n ) However, for k ≥ 3, C n is a co-k-plex and α k (C n ) = n. Therefore, any cycle inequality would be implied by summing the x i ≤ 1 constraints.
A wheel W n is the cycle C n with an additional vertex u such that
is a facet for P 2 (C n ). Therefore, we can lift the cycle inequality to a facet of P 2 (W n ). We need only calculate the lifting coefficient β u of x u .
3.3. Webs. Trotter [20] showed that a class of graphs called webs can induce facets for the stable set polytope. We now show that webs can induce facets for the co-2-plex polytope as well. In this section, all sums are written mod n. For integers n ≥ 2 and p, 1 ≤ p ≤ n 2 , let W (n, p) denote the graph on vertices V = {1, ..., n} and edges
The web W (n, p) is regular of degree n − 2p + 1 and has independence number p.
Proof. α 2 (W (n, p)) ≥ p + 1 follows from the fact that {i, i + 1, ..., i + p} is a co-2-plex of size p + 1 for all i ∈ V. We show that no larger co-2-plex exists. Since W (n, p) has independence number p, any subset S of p + 2 vertices satisfies |E(G[S])| ≥ 2. Suppose for contradiction that S is a co-2-plex of cardinality p+ 2 such that |E(G[S])| is minimum. Let (e 1 , e 2 ), (v 1 , u 1 
Define u 2 , ...u p+1 ∈ V such that u 2 ∈ N (v 1
By construction, we have that
The set {u 1 , ..., u p } is a maximum independent set and hence dominating. Therefore e 1 = v j for some 2 ≤ j ≤ p. Let j be the smallest index such that either
Consider the case where p = n 2 . If n is even, then W (n, p) is a 1-factor and α 2 (W (n, p)) = n. If n is odd, then W (n, p) is a cycle and α 2 (W (n, p)) = Theorem 3.9. Let p < n 2 . When n and p+1 are relatively prime, the inequality
is a facet of P 2 (W (n, p)). Proof. Lemma 3.8 implies that the inequality is valid. For n ≥ 1 and 1 ≤ p < n define A(n, p) as the n × n binary matrix where a ij = 1 if j ∈ {i, i + 1, ..., i + p} and a ij = 0 otherwise.
In Trotter [20] , it was shown that A(n, p) is nonsingular whenever n and p + 1 are relatively prime. Notice that A(n, p) is an incidence matrix of n maximum co-2-plexes given by {i, i + 1, ..., i + p} for all i ∈ V. These maximum co-2-plexes satisfy the web inequality at equality. Thus, the web inequality induces a facet of P 2 (W (n, p)).
For completeness, we mention that W (2s + 1, s) is facet-inducing by Corollary 3.6 whenever 2s + 1 ≡ 0 mod (3). We also obtain the co-2-plex analogue to odd antiholes. An antiholeC n is the complement of the chordless cycle C n . Corollary 3.10. Let n ≥ 4. If n ≡ 0 mod (3), then the inequality
is a facet of P 2 (C n ). Proof. The antiholeC n is the web W (n, 2). By Theorem 3.9, v∈V (C n ) x v ≤ 3 is a facet whenever n and 3 are relatively prime.
k-claws.
Our next goal is to show that a class of graphs similar to the claw can induce facets for the co-k-plex polytope. This motivates the definition of a k-claw. Given an integer k ≥ 1, the graph H is a k-claw if there exists a vertex u ∈ V (H) such that V (H) \ u = N (u), N (u) is a co-k-plex, and |N (u)| ≥ max{3, k}. We refer to u as the center of the k-claw.
Theorem 3.11. Fix k ≥ 2. Let H = (V, E) be a k-claw with center u and |V | = n. The inequality
Proof. Let S be a co-k-plex in H. If u ∈ S, then |N (u) ∩ S| ≤ k − 1 by definition of co-k-plex. If u / ∈ S, then |N (u) ∩ S| ≤ |N (u)| = n − 1. In either case, the k-claw inequality is valid. Let γ T x ≤ γ 0 be a valid inequality for P k (H) and define the following sets:
Suppose that F k ⊆ F γ , and that F γ is a proper face. We will show that F k = F γ . This implies that F k is maximal and the k-claw inequality is a facet for P k (H). As in the proof of Theorem 3.2, we assume that γ has nonnegative components. Given a subset of vertices I, let x I be the associated incidence vector. Define
Notice that F k ⊇ {x S | S ∈ S} ∪ {x N (u) }. Now choose i, j ∈ N (u) and observe that there exist S i , S j ∈ S such that
Moreover, we know that γ T x N (u) = γ 0 . This implies that γ 0 = t(n − 1). Finally, take S ∈ S. Notice that γ T x S = γ 0 = t(n − 1). We can now deduce that γ u = t(n − 1) − t(k − 1) = t(n − k). Therefore, the inequality γ T x S ≤ γ 0 can be written as
Thus it was a scalar multiple of the k-claw inequality and F k = F γ . A k-claw subgraph can properly contain other k-claws which give rise to distinct facet-inducing inequalities. In other words, a k-claw need not be maximal to produce a facet. For our purposes, 2-claws will be of special interest in Section 4. See Figure 3 .1 for examples of 2-claws.
4. Integral systems. This section uses results from Section 3 to describe a class of 0-1 matrices A for which the polytope {x ∈ R n + | Ax ≤ 2, x ≤ 1} is integral and provides a characterization of 2-claw-free graphs. In particular, we analyze the clutter of maximal 2-plexes to show that the 2-plex inequalities suffice to describe the co-2-plex polytope of 2-plexes, paths, mod 3-holes, and co-2-plexes. This is analogous to a property of perfect graphs. The definitions and theorems used in this section can be found in Cornuéjols [7] .
A clutter is a pair C = (V, E) where V is a finite set and E is a family of subsets of V none of which is included in another. We refer to elements of V as vertices and elements of E as edges. Given a graph G = (V, E), let C be the clutter whose vertices are V and whose edges are the maximal 2-plexes of G. Denote by M G the edge-vertex incidence matrix of C.
The clutter matrix M G is totally unimodular (TU) if every square submatrix has determinant 0, ±1. Hoffman and Kruskal [9] showed that M G is TU if and only if the polyhedron
is integral for all integral vectors w.
Suppose K is a 2-plex. The clutter matrix M K of maximal 2-plexes in K consists of a single row of 1's. In this case, M K is clearly TU. It is well-known that appending the identity matrix to M K preserves total unimodularity. Therefore, Lemma 3.1 implies that the set
is in fact the co-2-plex polytope of K. That is, the 2-plex inequalities suffice to describe the co-2-plex polytope of any 2-plex. Notice that the co-2-plex polytope of a co-2-plex is also described by the 2-plex inequalities. This is because the associated polytope is the entire n-dimensional hypercube which is defined by the system of 0 ≤ x i ≤ 1 inequalities.
A matrix is minimally nontotally unimodular (mntu) if it is not totally unimodular, but every submatrix satisfies total unimodularity. If a matrix is not TU, then it must contain an mntu submatrix. Camion [4] and Gomory (cited in [4] ) showed that an mntu matrix has determinant equal to ±2, and each row and column of an mntu matrix has an even number of nonzeros. Let P n be the path on n vertices. Theorem 4.1. Let n ≥ 1. The clutter matrix M P n of maximal 2-plexes in P n is TU.
Proof. We show by induction that M P n contains no mntu submatrix. For n ≤ 3, P n is a 2-plex and M P n is TU. Let n ≥ 4 and suppose M P n is TU for all n < n. Label the vertices of P n as in Lemma 3.3. The maximal 2-plexes in P n are of the form K j := {j, j + 1, j + 2} for 1 ≤ j ≤ n − 2. We can permute the rows of M P n so that row j corresponds to K j . It follows that there are three 1's in every row of M P n . In addition, M P n has a single 1 in columns 1 and n and exactly two 1's in columns 2 and n − 1. See Figure 4 .1 for an example.
We attempt to construct an mntu submatrix M by examining which elements from the first row can contribute to M . If we are able to show that no element from the first row contributes, it follows by a symmetric argument that no element from the last row contributes. Removing the first and last rows from M P n creates an M P n−2 which contains no mntu submatrix by induction.
The
th row and j th column of M P n . Let m ij ∈ M denote that m ij contributes a nonzero entry to the mntu submatrix M . Suppose m 12 ∈ M . Notice that m 12 ∈ M if and only if m 13 ∈ M since these are the only nonzero candidates from the first row. Moreover, if m 12 ∈ M , we also know m 22 ∈ M as it is the only other nonzero entry in the second column. It follows that m 23 ∈ M as well. Now m 24 / ∈ M since the corresponding row in M would have three nonzeros. Thus M has two identical rows and det(M ) = 0, a contradiction. Therefore, M contains no elements from the first or last rows, and M P n is TU by the induction hypothesis. Once again, we can append the identity matrix and preserve total unimodularity. Consequently, Theorem 4.1 and Lemma 3.1 imply that the set
is the co-2-plex polytope of P n . In other words, the 2-plex inequalities suffice to describe the co-2-plex polytope of any path.
We now turn our attention to the clutter of 2-plexes in chordless cycles. C n is a 2-plex when n ≤ 4. Let n ≥ 5. Corollary 3.6 implies that the 2-plex inequalities will not suffice to describe P 2 (C n ) when C n is an odd-mod 3-hole. Even when C n is a mod 3-hole, the 2-plex clutter matrix M C n is not TU since it contains an odd-hole submatrix. We deal with this case directly by showing that P 2 (C n ) has no facets other than the 2-plex inequalities. Given an inequality α
T x = β}, and suppose for contradiction that G α has distinct components H 1 and H 2 . Since α T x ≤ β is a valid inequality, we must have
This is a contradiction since F α must be maximal whenever α T x ≤ β is a facet. Theorem 4.3. If n ≥ 5 and n ≡ 0 mod (3), then
Then there exists a facet α T x ≤ β of P 2 (C n ) such that G α is not a 2-plex. We know that C n does not induce a facet, so G α ⊂ G. Lemma 4.2 implies that G α is connected, so G α must be a path P m with at least four vertices. Since α T x ≤ β is a facet, there exist m co-2-plexes S 1 , ..., S m in P m such that x S1 , ..., x Sm are affinely independent and satisfy the facet at equality. Thus α T x ≤ β also induces a facet of the co-2-plex polytope for P m . This contradicts the fact that {x ∈ R n + | M P m x ≤ 2, x ≤ 1} defines the co-2-plex polytope for P m . Define H to be the set of all graphs whose components are co-2-plexes, 2-plexes, paths, or mod 3-holes. We have shown that the 2-plex inequalities suffice to define the co-2-plex polytope of any graph in H, which implies that all graphs in H are 2-claw-free. Therefore, the polytope {x ∈ R n + | Ax ≤ 2, x ≤ 1} is integral whenever A is the maximal 2-plex clutter matrix for some graph in H. The following theorem will imply that if A is the maximal 2-plex clutter matrix for some graph G and {x ∈ R n + | Ax ≤ 2, x ≤ 1} is integral, then G ∈ H. Theorem 4.4. Let G = (V, E) . If G contains a component other than a path, chordless cycle, co-2-plex, or 2-plex, then G contains an induced 2-claw.
Proof. If G is not connected, simply apply the proof to each component, so let G be connected. Suppose G is not a path, chordless cycle, co-2-plex, or 2-plex. We will find an induced 2-claw subgraph.
Every graph on 3 or less vertices is a co-2-plex or a 2-plex. Thus, we may assume |V | ≥ 4. If G is acyclic, then ∃ v ∈ V such that deg(v) ≥ 3 since G is connected and not a path. The set {v} ∪ N (v) induces a 2-claw with v as the center vertex.
Suppose G is not acyclic, and let C m ⊂ G be a largest induced cycle. Label V (C m ) using {1, 2, .., m} as in Lemma 3.4. G is connected and not a chordless cycle, so
We exclude the case where u ∈ N C and V (C m ) ∩ N (u) = {i} because {u, i − 1, i, i + 1} would induce a 2-claw with i as the center vertex. Therefore, assume
, the set {u, v, i, j} induces a 2-claw with u as the center vertex. Thus, assume
The set {u, i − 1, i, i + 1} induces a 2-claw with i as the center vertex. Therefore, suppose
Notice that if m ≥ 5, then this implies that the set {u, 1, 3, 4} induces a 2-claw with center vertex u for any u ∈ N C .
. This implies that G is a 2-plex, a contradiction. Thus G[N C ] is not a 2-plex, so Lemma 3.1 implies that there exists a co-2-plex S ⊆ N C such that |S| = 3. The set {i} ∪ S is a 2-claw for any i ∈ V (C 4 ).
is not a 2-plex, then Lemma 3.1 implies that there exists a co-2-plex S ⊆ N C such that |S| = 3. If ∃ i ∈ v∈S N (v), then the set {i} ∪ S induces a 2-claw with center vertex i.
, the set {w, v, i, j} induces a 2-claw with i as the center vertex.
Suppose G[N C ] is a 2-plex. Recall that G is not a 2-plex, so there exists a co-2-plex S ⊂ V such that |S| = 3 by Lemma 3.1. All vertices in N C have at least two neighbors in V (C 3 ) and
The set {j, i, u, v} induces a 2-claw with center vertex j. This completes the proof.
Let A be the 2-plex clutter matrix for a graph G. Consider the polytope
Theorem 4.5. P (G) is integral if and only if G ∈ H. Proof. We have shown that P (G) is integral whenever G ∈ H. For the converse, suppose G / ∈ H. If G contains an induced 2-claw H = ({u} ∪ N (u), E ), then Theorem 3.11 implies that the 2-claw inequality can be lifted to a facet of P 2 (G). Since H is not a 2-plex, the defining system for P (G) is missing the lifted 2-claw inequality. We can deduce that P (G) = P 2 (G). In particular, the optimal solution to
If G / ∈ H is 2-claw-free, then Theorem 4.4 implies that G has a component which is an odd-mod 3-hole. In this case, the defining system for P (G) is missing the cycle inequality which is a facet by Corollary 3.6. If C m is an odd-mod 3-hole component of G, then the optimal solution to
When G / ∈ H, then either G contains an induced 2-claw or G has an odd-mod 3-hole component. Whenever G contains an induced 2-claw of any size, it must contain an induced 2-claw H = ({u} ∪ S, E ) such that |S| = 3. In this case, A contains the submatrix shown in Figure 4 .2. If G has an odd-mod 3-hole component, we mention that A contains the circulant clutter matrix C 3 n . The matrix C 3 n has vertex set {1, ..., n} and edges {i, i + 1, i + 2} for 1 ≤ i ≤ n (written mod n).
Corollary 4.6. Given a 2-plex clutter matrix A, there exists a polynomial-time algorithm to determine if the polytope {x ∈ R n + | Ax ≤ 2, x ≤ 1} is integral. Proof. A is a 2-plex clutter matrix for some graph G = (V, E). By Theorem 4.5, it suffices to test if G ∈ H. We first test A for the submatrix in M 2−claw submatrix, then G ∈ H unless there exists a component of G which is an odd-mod 3-hole. However, if G has an odd-mod 3-hole component, then the optimal solution to the linear program max{ v∈C x v | Ax ≤ 2, 0 ≤ x ≤ 1} will be fractional by Corollary 3.6 for some component C.
Conclusions and Future
Work. This paper derives four classes of facets for the co-2-plex polytope and a class of facets for the general co-k-plex polytope. The facets are related to 2-plexes, cycles, wheels, webs, and the claw. The last section of the paper characterizes 2-claw-free graphs and the 2-plex clutter matrices A for which the polytope {x ∈ R n + | Ax ≤ 2, x ≤ 1} is integral. It is also shown that 2-plex clutter matrices can be tested for this property in polynomial time.
Future research will include a study of co-k-plexes for k > 2. As k grows, the k-plex inequalities v∈K x v ≤ α k (G[K]) become more complex because α k (G[K]) ∈ {1, ..., 2k − 2 + k mod 2} [1] . Therefore, any generalization of Theorem 3.2 or Theorem 4.5 must consider the growing number of values that α k (G[K]) can take. It is an interesting open question to determine if co-k-plexes can be used to describe other classes of integral linear systems.
Another possibility for future work is a computational study on the strength of the facets introduced in Section 3. It is also of interest to find additional facets for the general co-k-plex polytope. As discussed in Section 3, cycles do not produce facets for the co-k-plex polytope when k > 2. On the other hand, certain classes of webs W (n, p) most likely produce facets for the general co-k-plex polytope. In fact, we believe that the general web inequalities take the following form: If n and p + k − 1 are relatively prime and p ≤ (n − k)/2, then the inequality v∈V x v ≤ p + k − 1 is a facet of P k (W (n, p)). The fact that such inequalities have the appropriate dimension would follow again by appealing to Trotter's matrix as in Theorem 3.9. However, the validity of these inequalities remains an open question.
